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ABSTRACT 
A strong capacitary inequality for not necessarily symmetric Markov pro- 
cesses is obtained. 

§1. Introduction 

Consider a bounded domain D in R d, the Euclidean d-dimensional space, 
and let G denote the Green function o f D  (Doob [D1] or M. Rao [R1]). For a 
signed measure m denote by Gm its potential, and the energy norm of  Gm by 
f Gm(x)m (dx) = [[ Gm [I 2 (assuming as usual that the corresponding quanti- 
ties for I m I are finite). We have 

V denoting gradient operator. The capacity C(A) of a Borel set A is defined as 

(1.2) C(A) = sup{re(A)}, 

where the supremum is taken over all non-negative measures m concentrated 
on A whose potentials are < 1 everywhere on D. With these definitions the 
following capacitary estimate of  energy is known (Adams [All, Mazya [M1], 
Dahlberg [DA 1 ]): 

If  m is a positive measure and u = G m  then 

~ 0  ~ 
(1.3) tC(u > t)dt II u IlL 

Estimates of the type (I.3) have found applications in trace theorems. For 
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example, using these one can show that for a domain D with nice boundary, 

restrictions of  elements of  the Sobolev space H ~ to the boundary may be 
defined. The notion of  energy can be extended to very general Markov 
processes [ZPMR1] with not necessarily symmetric potential kernels. In this 
note we modify (1.3) to this situation. It will be noticed that the proofs in this 

more general case are much simpler than the published proofs in the classical 

case. 

§2. Notation and terminology will generally be that of  [ZPMR 1 ]. Thus X 
will denote a transient Hunt process on a 1.c.c. state space E with life time ~. 

We assume that there is an excessive reference measure ~ also denoted dx and a 
potential kernel u = u(x, y) such that for all nonnegative Borel func t ions f  

(2.1) Uf(x)= EX[ :o~f(Xt)dt]= f u(x, y)f(y)dy. 

Assume X has Borel transition semigroup which we denote by It. A Borel 

function s > 0 is called excessive if it is finite a.e. relative to dx and 

(2.2) s = sup Its. 
t > 0  

An excessive function s is called purely excessive i f l i m t ~  Its = 0 a.e. and it is 
called a class (D) potential if Pr, s decreases to zero a.e. whenever the sequence 
of  stopping times Tn increases to oo. 

We now recall briefly the definition and some results on energy. Details may 
be found in [ZPMR1], [GMR1], and JR3]. 

With each purely excessive function s we can associate a number L(s), 
0 <-_ L(s) <= oo, called the mass functional o f s  as follows: 

(2.3) L(s) = sup  t -1 : (s -ets)(x)dx. 
t > 0  

Let us recall that L(s) = sup~ ;t(s) for meaures A with 2U ___< ~. L is monotone in 

s and continuous along increasing sequences. This allows the extension of  L to 

all excessive functions by monotonicity. 

Now we recall the definition of  energy of a class(D) potential as given in 

[ZPMR1]. Every class(D) potential s is generated by a natural additive func- 
tional A defined off a polar set. If  p ffi E[A~] is finite a.e. then p itself is 

necessarily a class(D) potential. In particular it is purely excessive. If L ( p )  < 

oo we say that s hasfinite energy and put 
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(2.4) II s I1~ = L(p). 

If  r and s are class(D) potentials of  finite energy generated by natural additive 
functionals A and B, respectively, their mutual energy (r, s)e is defined by 

(2 .5)  ( r ,  s)e = LE'[A~Bo~]. 

The above definition extends in a natural way to the linear space of  differences 
of  class(D) potentials of  finite energy. And this space becomes a pre-Hilbert 

space, except for the fact that there may be some nonzero elements of  zero 

energy. For details see [ZPMR 1 ]. However, we shall talk as if energy were a 
true norm. If s is the potential of  a function f ,  then 

II s II e 2 -- 2 f f U f d x  (2.6) 

which is the classical definition of  energy except for the factor 2. 

For any Borel set A, PA 1 is excessive and we define its capcity C(A) by 

(2.7) C(A) = L(PA 1) 

where PA l(x) = PX[T A < ~], TA being the first hitting time to A. 

We find it easier to prove our results for potentials of  functions. To pass to 

the general case we use the following theorem. This theorem is a simple 
corollary of Theorem 1.4 of [ZPMR 1 ]. 

TX-IEOREM 2.1. I f  S is a class(D) potential o f  finite energy, there is a 
sequence s, = Uf, o f  potentials o f  functions increasing to s and converging to s in 
energy [(i.e., II s - s .  lie tends to zero). 

We record one more simple fact: If s is excessive, then for each 2 > 0 

(2.8)  2C(s > 2)  _< Ls. 

This is simple because 2P(s>~)l < s, now apply L and use monotonicity ofL .  
Our first capacitary estimate is the following. 

LEMMA 2.2. Let s be a class(D) potential o f  finite energy. Then 

fo- (2.9) 2C(s > 2)d;t < 2 II s I1~. 

PROOF. We prove this theorem assuming s = Uf and then appeal to 

Theorem 2.1. For any 2 > 0, let A(;t) and B(2) denote the sets (s =< 2) and 

(s > 2) respectively. Let us also use the same notation for a set and its indicator 
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function. Then 

(2.10) s -- U[fA(2)] + U[fB(2)I. 

Now U[fA(2)] < Uf= s <2 on the set A(2) which contains the set where 
f A ( 2 ) >  0. By the maximum principle this holds everywhere. Hence, from 
(2.10), 

(2.11) s < 2 + U[fB(2)]. 

In particular, the set (s > 22)  C (U[fB(2)] > 2)  so that 

2C(s > 22) < 2C[U[fB(2)] > 21 < LU[fB(2)] <= f f(x)B(2)(x)dx. 

Integrate both sides of  this last inequality relative to 2 from 0 to oo to get 

f0 f 2C(s>2) d2<4 f . sdx = 211s I1~. 

The proof is complete. 

Our next result is an estimate in the other direction. 

LEM~A 2.3. Let s be excessive of class(D). Then 

fo (2.12) 2 - '  II s I1~ =< 2C(s > 2)d~. 

PROOf. Again we prove the result assuming s = Uf and then appeal to 
Theorem 2.1. Let B(2) be as in the proof of  Lemma 2.2. Supose s(x) -- 220. 

Then s(x) > 2 for each ;to < 2 < 22o so that 

(2.13) xEB(2), 2 0 < 2  <22o. 

Since B(2) is finely open, PBa)l(y) = 1 for y EB(2). From (2.13) 

f ' Pat~)l(x)d2 > f ?  Pa(:ol(x)d2 -- 2o-- 2- is (x) .  

It follows that i f s (x)  > 2u we have 

fu  = ~ PBa)l(x)d2 >- 2-'s(x)' 

so that on the set B(2u) 

f? (2.14) g[fB(2u)l(x) ~ Uf(x) = s(x) N 2 PB~I(x)~ 
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and hence, by the maximum principle, everywhere. Applying L to (2.1 4) 

: fB(2u)dx <2  fu®C(B(2)dA. 

Integrate both sides of the above inequality relative to u and use Fubini to 
finish the proof. 

Let us record the results of the above two lemmas as 

THEOREM 2.4. Let s be a class(D) potential o f  finite energy. Then 

(2.15) 2 - '  II s I1: --< 2C(s > 2 ) d A  =< 2 Ii s IlL 

Another approach to Theorem 2.4 due to Professor P. A. Meyer is as follows: 
Since L(s) - sup/z(s) with/zU -< dx it suffices to prove that 

(/t ~0~° APt IdA)< 2(/t E'[A~]) , s > ~ )  ~ , • 

Now P{s>~)l = P'(s* > 2) where s* is the r.v. supt s(Xt), so the left side of the 
last inequarity is just 2-1E#[s'2]. Thus (2.15) is a particular case of Doob's 
inequality. However, the proof #oven uses only the weak maximum principle. 
Even linearity is not used. Cases in point are Riesz potentials, potentials 
arising from Schr6dinger operators, maximal operators, etc. The interested 
reader may consult a preprint coming out in Aarhus University, Denmark. 

Next we deal with a difference of class(D) potentials of finite energy. But 
before we do this let us give some results on maximal functions along paths. 

Let s be a class(D) potential. Put 

s* -- sup s(X,). 
t > 0  

Then E'[(s*2)] is also excessive provided it is finite a.e. And 

(2.16) 

To see this write 

4 - '  U s II ~ --< LE'[s  .2] --< 2 II s il ~. 

sCXt) -- EX[A®/Ft] - At = Mt - At 

valid for all x such that s(x) < oo. Then 

EX[(s*) 21 < EX[(M*) 21 < 2EX[A2 I , 
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the last by Doob's inequality. The right side of (2.16) is thus proved. On the 
other hand, use Meyer's energy formula: 

E[A~I=E[ fo® {s(X,) + s(X,)-}dA,] 

< E[2s*A~o] 

< 2{E[(s,)2IE[A~ 1} 2-, 

to get E'[A~] <= 4E'[(s*)2l. And now apply L. 
Now let F be any measurable function and put 

F* = sup lF(X,)l. 

N o w  {F* > 2 } = k.J.R.(B) where B = {x : F(x) > 2 }. So F* is measurable by 
I_emma 10.14, p. 56 of[BG1]. 

Let, for t > 0, T, be the hitting time to the set ( I F I > t }. Then 

pX[F* > 21 = pX[Ta < ~1. 

Multiply the above by 2 and integrate from 0 to ~ to get 

(2.17) 2-'EX[(F*) 2] = 2px[T~ < oo]d2. 

Applying the mass functional L we get 

2 2-~LE'[(F*) 2] _-< 2LP'[T~ < oo]d2 

(2.18) 
= AC(IFI  > A)dA. 

I fg(x)  - EX{F *} then 

g(Xt) = EX,[F*I = E[F*(Ot)/Fd < E[F*/Ft] 

so that by Doob's inequality 

(2.19) EX[(g*)21 _-< 2EX[(F*)2I. 

Combining (2.18) and (2.19): 

(2.20) LE'[(g*YI -__< 4 ,tC[IFI > Xlda. 
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By Corollary (1.16), p. 202 of [BG 1 ], except perhaps for a semipolar set of x, 
F* > IF(x) I a.s. px. Therefore except for a semipolar set g > I F[ .  Combining 
(2.20) with (2.16) (replace s by g) we get the following theorem: 

THEOREM 2.5. Let F be Borel measurable. Put g(x) = EX[F*]. Then g is 
excessive, g > IF[ except for a semipolar set and 

:o (2.21) II g II~ < 16 2C(IFI  > 2)d2. 

Further, i f  I FI is finely lower semi-continuous we also have 

(2.22) 2 C ( I f l  > ).)d2 < 2 II g II ~. 

PROOF. We need only show (2.22). If IF I is finely lower semi-continuous 
we necessarily have IF [ < E[F*] = g, so that for each 2 > 0 

C(IFI  > 2 )  < C(g >; t ) .  

Since g is excessive, Lemma 2.2 applies. That completes the proof. 

Now we proceed to the final theorem of this section. For the result below we 
assume that we have two Hunt processes in duality. Recall that a class(D) 
potential is called regular if the corresponding additive functional is conti- 
nuous. 

The following observation will be helpful in the next result. 

OBSERVATION. Let It be a non-negative measure whose potential Uit has 
finite energy. We claim the co-potential t.:it o f#  is also a class(D) co-potential 
of finite energy. Let g be a strictly positive bounded and integrable function 
such that Ug is bounded - -  the existence of such a function is one of several 
equivalent definitions of transience. We have 

(Ou,g) = (it, Ug) <= (it, Ug) + (Uit, g) _~ II Uit lie II ug lie, 

showing that Uit is finite a.e. Also Uit is purely excessive because (Pt0it, g)  = 
(It, PtUg) and this last integral tends to zero by the dominated convergence 
theorem. Let now Uf~ be a sequence of potentials increasing to Uit. Then 

II lie = 11Uf  lie --< 2 U u a  lie. By Proposition 2.2 of  [ZPMRI] (.Tf  con- 
verges in measure to U#. By Proposition 0.4 of [ZPMR1] the claim follows. 

THEOREM 2.6. Let 0 <--_- Um be a difference of  class(D) potentials of finite 
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energy. Assume also that Om is finely lower semi-continuous. Put 

(2.23) g -- E'[(Om) +*]. 

Then g >= (]m, g is excessive of finite energy and 

f: (2.24) 2 -1 2C[Om>2ld2~ Ilg II~_-< 16 II Um I1~. 

PROOF.  Um has finite energy if and only if U I m I also has finite energy. By 

and in particular 

(2.25) 

By Theorem 2.5 

(2.26) 

o ~ [ ( O m ) +  >2Ida < ~ .  

Since capacity and co-capacity of a set are equal, the last inequality can be 

written 

fo ,a.C[(Om) + >2]dZ < ~ .  

g = E[(0m)  +*] 

is excessive, of finite energy and dominates ((Jm)+. If/t  is the Revuz measure 

of  g we have 

(2.27) (g, Um)e >= f gdm . 

because by assumption Um> O. To see this let Uh, increase to g. Then 

(Uh,,, Urn)e = (hn, Urn)+ f Uh.dm ~ f Uh.dm . 

Now appeal to Theorem 1.4 of [ZPMR1]. 
Now we may write g in the following way: 

the dual version of I_emma 2.2 

o20[OIml >2]d2  < oo 
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g(x) -- Ex[(Om) +*] 

£ = p x [ ( O m ) + * > 2 ] d X  

= f ~  PX[T a < oold2 
J 0  

where T~ is the hitting t ime to the set 

(2.28) Oa = {(Om) + > 2 } .  

Thus 

(2.29) f gdm=ff a2 f e'[T <oo]am. 
Now we estimate the integral on the right side. For each 2, Oa defined in (2.28) 
is finely open. Therefore there is a sequence f ,  of functions vanishing off Oa 
such that Uf. increases to P[Tx < oo]. We get 

f P[T~ < m]dm = l i m  f Uf, dm = l i m  f f.Omdx 

> lim 2 f f.dx = 2c{(Om) + > 2 } 

because on the set (f~ > 0), Om = (Om) + > 2. Using (2.27), (2.29) and (2.30) 
we can thus estimate 

5 £ (2.31) (g, Um)e > gdm> 2C{(Om)+>A}dA>(16)-lllgll2e, 

the last inequality following from (2.21). Since (g, Um)e < U Um lie I[ g lie we  

obtain 11 g II ¢ < 4 II Um II - That completes the proof. 

EXAMPLm The following example shows why we have difficulty in improv- 
ing the above result. Consider the uniform mot ion to the fight on [0, oo), the 
reference measure being the Lebesgue measure. The potential Uf of f =  
(t - 1)e -t is re-t: Uf  = te -t. Uf > 0 and has energy zero. Of---- - te -t. Any 
excessive function whose energy is dominated by the energy of  Ufmust  have 
zero energy and hence must vanish. Thus we are unable to say g > IOm I in 
Theorem 2.2. 

COMMENT. From Theorem 2.5 and the remarks following Theorem 2.4 we 
see that i fF i s  finely lower semi-continuous, then there is an excessive potential 
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s of  finite energy dominating IF I if and only if the right side of(2.21) is finite. 

Indeed if s has finite energy and s > IF [, then for each t > 0, C( I FI > t) < 
C(s > t) and (2.15) can be used to deduce the finitenss of the right side of 

(2.21). 

Using this comment we have the following corollary of Theorem 2.6. 

COROLLARY 2.7. Let Urn and Um be as in Theorem 2.6. Then there is a co- 
excessive function h such that h > U m  and ][ h I1 e < 16 [1 Um [1 e. In particular, 
i f  both Um and Um are non-negative there is an excessive function s such that 

s > U m  and II s lie =<- 16 11 Um IIe" 

Let us explain our interest in the above results. Let X be the Brownian 

motion process in d- dimensions killed upon exit from a bounded domain. The 
completion, in energy norm, of the space of differences of class(D) potentials 

of  finite energy is called the Sobolev space H ~. The modulus contraction 

operates on this space: 

f ~ H i  implies I f l  ~ H i .  

This fact is sometimes used to show Hypothesis (H) of  Hunt: 

Every excessive function is regular. 

In the more general non-symmetric situation we have the following result. 

THEOREM 2.8. Suppose there is a constant a with the property: 

I f  s is a difference of class(D) potentials of finite energy there exists a class(D) 
potential p such that 

Is I < P and II P lie ~ O~ II s II e "  

Then Hypothesis (H) of  Hunt holds. 

PROOF. Let s be a class(D) potential of  finite energy. There exists a 

sequence {s, } of potentials of  the form s, = Uf~ increasing to s and converging 

to s in energy. For large n, II s - s, Ue is therefore small. By hypothesis there is 

a class(D) potential p, of  small energy such that I s - s, I < P,. Let A, A, denote 

the additive functional of  s, s, respectively. Then 

E'[ f (s(Xt)_ - s(Xt))dat] ~ E'[,~ (Pn(Xt)- q- Pn(Xt))dht] 

< E'[B,,~Ao~] 
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where B~ is the additive functional generating p~. Applying the mass functional 
L we obtain 

L [ E ' ( f  (s(Xt)--s(Xt))dAt)]<L[E'(Bn,~A~)]=(p,,s)e < ][ pn lie ]1 s ][ e. 

Since the right side above tends to zero as n tends to infinity, the excessive 
function E'(f(s(Xt)_ -s(Xt))dAt) must be zero. In other words s is regular. 
That  completes the proof. 

§3. Further results 

Let us retain the notation and terminology of §2. Let us make the assump- 
tion that the set of  excessive potentials of finite energy is complete in energy 
norm. General conditions guaranteeing this are given in [GMR2]. The follow- 
ing is a generalisation of the well-known equilibrium principle. 

THEOREM 3.1. Let f = Urn be offinite energy. Then there exists a potential 
p = Up of  finite energy such that 

[(I) (f ,  P)e = II p II 2, in particular IIP lie --< II f i le ;  
(3.1) ] (2)  p + p  >-_f+f; 

I.(3) p +/~ = f + f #-a.e. provided f i s  regular. 

Here, if  s -~ Um we put g = (]m. 

PROOF. The set of excessive potentials of finite energy is convex, and 
complete by assumption. By elementary Hilbert space theory there is a unique 
potential p = U# minimizing 

(3.2) II f -  P lie = inf II f -  h lie 

where the inf  is over all potentials h of finite energy. Replace h by p + th and 
expand to get 

2 ( f -  p,  h)e < t 2 II h 112, 

which implies as t ---0 

(3.3) ( f -  p,  h)e _-< O. 

Taking h of the form h = UO, 0 > O, we get from (3.3) for all 0 > 0 such that 
U~ has finite energy 
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{U(m -/i) - / t )}#(x)dx + 0 ( m  0. 

In other words we must have 

[U + Ul(m - I t )  < O. 

This is (2) of (3.1). To complete the proof we write, for any Borel set A, 
PA = U/zA. Recall that a set and its indicator are denoted by the same letter. 
Then p + tpa is excessive for - 1 ~ t < 1. Similarly as above one gets 

(3.4) ( f  -- P, PA)e - - - -  O. 

This is (1) of (3.1) with p ---- pa. Finally, if f is regular the inner product in (3.4) 
is just 

f l u  + -- (:l(m 0 

and we get (3) of (3.1) That completes the proof. 

One class of examples where the hypothesis of Theorem 3.1 is satisfied is 
given below. 

EXAMPLE. Let X be the Levy process on R d with exponent ~u: 

E{exp i(a, X,)} ffi exp{ - t~u(o0}. 

Let us assume that the transition semigroup of  Xhas bounded and continuous 
densities which vanish at oo. It is shown in [R4] that a difference s of  1- 
excessive class(D) potentials of  finite energy is square summable and its 1- 
energy is given by 

--- : (1 + Re ~/)lg 12 II $ I1.: 

where g is the Fourier transform ofs.  Using this expression for energy it is easy 
to show that the class of excessive potentials of  finite energy is complete in 
energy norm. Indeed, let {s, } be a sequence of excessive potentials which is 
Cauchy in energy norm. Since the energy norm dominates the L z norm, this 
sequence is also Cauchy in L2. By choosing a subsequence if necessary let us 
assume that sn converges a.e. and in L 2 to an excessive function s. A result in 
[ZP 1 ] implies that if there exists one potential vanishing at oo (in our case there 
are many), s must necessarily be a class(D) potential of finite energy. Now 
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]! s~ - s II ~ --< lirn inf f (1 + Re ¥)lg~ - gm 12 

is small if n is large, completing the proof. 
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